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Abstract

The modified tetrahedron equation (MTE) with affine Weyl quantum variables
at the Nth root of unity is solved by a rational mapping operator which is
obtained from the solution of a linear problem. We show that the solutions
can be parametrized in terms of eight free parameters and 16 discrete phase
choices, thus providing a broad starting point for the construction of three-
dimensional integrable lattice models. The Fermat-curve points parametrizing
the representation of the mapping operator in terms of cyclic functions are
expressed in terms of the independent parameters. An explicit formula for the
density factor of the MTE is derived. For the example N = 2 we write the
MTE in full detail.

PACS numbers: 05.45.—a, 05.50.+q

Introduction

The Zamolodchikov tetrahedron equation is the condition [1] for the existence of a commuting
set of layer-to-layer transfer matrices for three-dimensional lattice models, in much the same
way as the Yang—Baxter equation is the analogous condition in the two-dimensional case.
Only very few solutions to these very restrictive equations have been found [1, 2]. So various
modified tetrahedron equations (MTE) have been studied to which more solutions can be
obtained [3-8], still leading to commuting transfer matrices or generating functionals for
conserved quantities.

In this paper we shall concentrate on a particular MTE proposed in [9, 10]. The quantum
variables are elements from an ultra-local affine Weyl algebra attached to every vertex of a
two-dimensional graph. Since we consider the Weyl parameter to be an Nth root of unity, the
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Nth powers of the quantum variables form a classical system which determines the parameters
of the quantum system, as has been considered in the discrete sine-Gordon model and other
models recently, e.g. [11-14]. So the parameters of the eight R matrices appearing in the MTE
are different, but related by functional mappings.

A linear problem discussed previously by one of us [9, 10], is used to determine the
mapping which provides a multi-parameter solution to the MTE. The construction of a
generating functional of the conserved quantities has been given in [9]. Here we concentrate
on calculating the density factor of the MTE and to give a useful choice of the eight continuous
parameters of the mapping.

The aim of studying these equations is at least twofold: first a (2+1)-dimensional integrable
lattice model should emerge, and second, the MTE can be used by contraction [15] to construct
new two-dimensional lattice models with parameters living on higher Riemann surfaces.

The paper is organized as follows. In section 1 we introduce the rational mapping in
the affine Weyl space and show that if the Weyl parameter is a root of unity it splits into
a matrix mapping and a functional mapping. The matrix mapping is realized in terms of
cyclic functions which depend on points restricted to a Fermat curve. Section 2 discusses the
modified tetrahedron equation and we calculate its weight function. In section 3 we focus
on the parametrization in terms of line ratios, finding eight continuous parameters and analyse
the phase ambiguities. For the specific case N = 2 in section 4 we show that the modified
tetrahedron equations can be written quite explicitly and that of their 2'> matrix components
there are 256 linearly independent equations. In section 5 we give a summary and mention
future applications.

1. The rational mapping R in the space of a triple affine Weyl algebra

The central object of our considerations will be a mapping operator acting in the space of a triple
Weyl affine algebra. We shall see that this mapping operator can be written as a superposition
of a functional mapping and a finite-dimensional similarity transformation. It is the operator of
this similarity transformation which will satisfy the MTE. Several interpretations are possible,
e.g. as vertex Boltzmann weights (albeit not positive ones) of a three-dimensional lattice
model. It will be a generalization of the Zamolodchikov—Bazhanov—Baxter [1, 2] Boltzmann
weights in the Sergeev—Mangazeev—Stroganov [4] vertex formulation. The principle from
which this mapping is obtained has been described in detail in [9]. It is a current conservation
principle with a Baxter Z-invariance.

1.1. The linear problem

To set the framework we assign to each vertex j of a 2d graph the elements u;, w; of an affine
Weyl algebra at Weyl parameter ¢ a root of unity:

def i

U, W; =qgw;-u; q:a)éezmﬂv NeZ N22 (1)

Since ¢ is a root of unity, u?’ and W;V are centres of the Weyl algebra. We shall often represent

the canonical pair (u;, w;) by its action on a cyclic basis as unitary N x N matrices multiplied
by complex parameters u ;, w;, writing

u = ux W= wz 2)

|o) = |o mod N) (l0") = 84,00 X|o) = |o)w’ zlo) = |o + 1). 3)

The centres are represented by numbers:

N _ N N _ N
W =ud W =l *)
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oo

w

Figure 1. The linear problem for the vertex with associated Weyl pair uz, w3 and parameter «3
and the visualization of R > 3. The elements oy, m/l, etc of the ultra-local affine Weyl algebras
are assigned to the vertices of two auxiliary two-dimensional lattices formed by the intersection of
three straight lines with the auxiliary planes.

We define the ultra-local Weyl algebra 20%2 as the tensor product of A copies of Weyl pairs

llj=1®1®~'® Q- -- Wj=1®1®'~® W R, 5)
jth jth
place place

Denote the four faces around the vertex j (in which the two oriented lines cross) clockwise
by a, b, c,d as, e.g., shown on the left-hand side of figure 1 for the vertex j = 3. Imagine a
current (¢| flowing out of the vertex into the four faces a, b, c, d, each face receiving a current
(ps] (s = a, b, c, d) according to the values of the Weyl variables at the vertex and a coupling
constant «; (which may be different at each vertex):

(@] = (Bal + (Do - " u; + (Pe] - W + (Bl - kju;wW). (6)

Demanding that the total current flowing out of an internal vertex is zero: (¢| = 0, and
demanding also that the currents flowing into the outer faces of various graphs are independent
of the internal structure of the graphs (this is a Z-invariance assumption), we get a condition
for the equivalence of linear problems. The right-hand side of figure 1 shows two such linear
problems, one in the bottom plane, another in the upper plane. The equivalence condition
determines the mapping R 23 between the lower (tvj, tv,, t03) and upper (W, 10}, tv})
triangle in figure 1 uniquely. The details of this calculation can be found in [9], in (7)—
(9) we present the result.

For our case of interest ¢ = w it is convenient to choose the specific form (6) of the
coefficients, which is unsymmetrical ina, b, ¢, d. There exists a fully symmetrical formulation
of the linear problem valid at general ¢, still leading to a unique mapping R » 3 [9]. However,
this will not be needed here.



978 G von Gehlen et al

1.2. The rational mapping R 23

The solution of the equivalence problem of the linear current flows is the following rational
mapping R acting on the ring of rational functions of the generators of the ultra-local Weyl
algebra [9]. For any rational function ® we define

def
(Ri230®)(Uy, Wi, o, Wa, U3, W3, ...) = O(u}, W, ub, wh, uy, W, ..) (7)

where on the right-hand side of (7) the u,, and w, remain unchanged for all @ ¢ {1, 2, 3}, and

the primed elements are rational functions of uy, ..., w3, given by the definition
/o Y | A | —1
W =W, Ay W, =A; oW, wy=A, -y )
1 oA—1 —1 A | r
up =AW U =A; -us u; =u, - A
where
_ -1 172, —1 ~1
Aj=u cu3—q/’"u; -w, +K,W, - U,
_kor o Kk —12KIK3
Ay=—u, -W; +—u; -w, —gq —u, ‘W, 9)
K2 K2 K2

Ay =w, -W3_l —ql/zu3 -W3_l +/<3w2_1 - u3.
K1, k2, k3 € C are arbitrary extra parameters of the mapping R 23. In this subsection ¢ can
be in a general position.

Note that the order of the factors on the right-hand sides of (8) does not matter. Each
combination A; (i = 1, 2, 3) contains only elements of the Weyl algebra which commute with
the other factors in the product. For example, A3 does not have the Weyl operators u; and u,.
From (8) we see that the rational mapping R » 3 has the three invariants:

wiwa  wuz  uw; (10)

This means that this mapping has the property that the products u;lu/j and w;lw/j for

j = 1,2,3 (no summation over j) depend only on three operators which we denote by u, v
and w:
u=w,'w; v=uu,' w=wiu;' (1)

as one easily checks explicitly:

_ —1 _ -1 K1 K3 _1nKi1K3
walw, = (u7'v =uw AWy =—v+—u—gqg ?—vu
3 W3 p :
i K2 K2 K2
-l _ _ _ _
(w'w) =vuy =uy A = v gw — ¢ v lw (12)

1 1

— _ -1 - . _ -
wi'wi = (wy'Wy) T = woAsw = u T v iwT! — g Pw e
Observe that the three operators (11) form a triple Weyl algebra: vu = quv, vw = gwv,
uw = gwu, and also at each vertex j we can regard u;, w; together with v; = «;u;w; as
forming triple Weyl algebras.

The mapping R has the property (see [5, 7, 9, 10, 16] for details):
Proposition 1. The invertible mapping R; j  is an automorphism of 20%%.

Remark 1. The proposition states that the rational mapping (8) is canonical, namely, it sends
three copies of the ultra-local Weyl algebras into the same Weyl algebras.

Later, in section 2, proposition 3, we shall discuss the second crucial property of the mapping
R: it solves the tetrahedron equation (41).
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1.3. Functional part at root of unity

In all the following we shall consider only the case that g is a root of unity (1) and use the
unitary representation (3) of 20%. In this representation each affine Weyl element u; and w;
will contain one free parameter u ;, resp. w;, as written in (2).

The basic fact is that at Weyl parameter root of unity any rational automorphism of the
ultra-local Weyl algebra implies a rational mapping in the space of the Nth powers of the
parameters of the representation [12—14]. In our case (8) it is easy to check that the mapping
R1.2,3 implies

wl 1
IN _ N AN IN __ 1 IN __
Wi =wy A 2 T AN Wi = AN,V
3 2 Uy
1 N (13)
u
e =t =y
Ay ws A
where the Nth powers of the A are also numbers:
N_, -NN_ ~N N_ N N —N
Ay =uMuy fupwy e w
N N NN
K K Ky K
N_Kk N N _ K N N 153 N, N
Ay = —Fuy  w; +KNu1 w, " + oy U, w, (14)
2 2 2

N _ . N, —N N, —N N —N N
A =wi wy " +uzywy T Ky w, Uy

since for ¢ = w and @, b € C one has (au+bw)" = (au)" + (bw)¥, using 3~ ., @/ =0.
Definition 1. The functional counterpart of the mapping R .3 is the mapping R§f2)3 acting
on the space of functions of the parametersuj, w; (j =1, 2, 3)

) def ’ o A ’
(RY3500)(uy, wy sy, wy, 1z, ws3) = ¢y, wh, uh, wh, ul, wh) (15)
where the primed variables are functions of the unprimed ones, defined via
IN __ IN IN _ /N
uy =u w) =w, etc (16)
/ ! .
such that the uj, wj, 'y, W) satisfy
ro o u/l _ U 17
Wi W, = W W, UyUz = UsU3 — = —. (17)
w3 W3

f)

The three free phases of the Nth roots are extra discrete parameters of Ry’; 5.

We use the invariance of the three centres uous, u/ws and wiw, to define three functions
Iy, Iy, I':

IN N N, N N
FN_ML_“_Z_(MAAM)N_“_2+W1“2 VWL
1 =N = v — \MU3 A/1Mz2) =y NN 1N
us U uy uyus us
N N N, N N, N N, N, N N
v — uy _ uy = (w3Aou )N_Kl Uy kK3 Ww; Ky k3uyp Wy (18)
2T N TN T sty = NV T NN NNl
1 3 2 Uy 2 Wy 2 Uy Wy
IN N N N, N N
FN_wl _wy “1A N _ W Wy Uj N U3
3TN TN T (wi ' Aswy)” = N NN TN
wy w, w3 Wy W3 wy
so that, alternatively to using (13), (14), the functional mapping can be written as
. . w» . w3
R('f)ow1=w1F3 R(‘f)owgz— R(f)ow3=—
I'; I
. up . 1753 .
R(‘f)ol/t]:— R(‘f)OLtz:— R(f)ou3=u31"1.
I Iy

The I'; depend on three variables and the three constants « ;. Their phases are arbitrary.
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1.4. Matrix part at root of unity

Now we consider the matrix structure of R » 3 at g a root of unity. First of all, we define

u/
x| = —/1 7, = — etc. (19)
u wy
The normalization implies the conservation of the centres

WNexl =1 N =d =1 et (20)

The rational mapping (8) for the set of matrices (19) has the form

/ !

_ Kiu, _ Kizu,w3y _, _ K1K3u w3 _q _
(X,I) 1= 1X21+ 1 Xl1Z21Z3 1/2 1 21Z21Z3
KoUo Kouiwy Koo Wy

, Wrwi “1_ 12 wou3 K3
7, = Z1Z2Z3 Z2X3Z3 + —X3
w3 wiw3 w
/ / /
_ U, _ wi, _ _ Kowiu 1. -
x5) = 2x - 0P —2x X ——27x, x5! (21)
ui uus ’ usu3
/
_ w, _ w us /<3w us _, _
() = —2131 o'? 2= ——1z] )(3z3 Ty 22 z 1z2 '3
w3 wiws3 wiwz
, Ususz w!/? Wiy Kow)
X; = X, X2X3 — — X, Z1X2 + VA
Uiy uu 3 u3
’ ’ ’
_ Kiujw 1 KizW,; _ KiK3uiw 1
(Z% 1 _ 3X1X2lz31+ 3Z l_wl/z 3X1 21221.
N Kourws KoWw»o KoUprW2

This mapping x;,z; — xj z ,J = 1,2,3, is the basic example of a class of the canonical
rational mapplngs of the ultra local Weyl algebra. The following lemma establishes the
uniqueness of the matrix structure of any such mapping.

Lemma 1. Letx;,z;, j = 1,..., A be a normalized finite-dimensional unitary basis (3) of
the local Weyl algebra
X;Zj = q‘sivfz.,«x,- qN =1 va = Z;V =1. 22)

LetE: Xj,zj — X./i’ z/j be an invertible canonical mapping in the space of rational functions
of Xj, z; such that it conserves the centres

/N _ /N _

j=z; =1
Then there exists a unique (up to a scalar multiplier) N® x N® matrix E such that for any ®
of equation (7):

(X, 2) = E®(x;,2))E”". (23)

Proof. The ring of the rational functions of x;, z; at root of unity is the algebra of the
polynomials of x;, z; with C-valued coefficients. Evidently this enveloping algebra is the
complete algebra of N x N% matrices. Since £ is invertible, the envelope of x/j z’j is
the same matrix algebra. Furthermore, since € is canonical and conserves the Nth powers of
the Weyl elements, £ is an automorphism of the matrix algebra. Finally, since the algebra of
N? x N matrices is the irreducible fundamental representation of the semi-simple algebra
gl(N?), any such automorphism is an internal one and may be realized by the unique matrix
E of (23). O
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1.5. Matrix part of R 2,3 at root of unity in terms of Fermat-curve cyclic functions Wp(n)
Due to lemma 1 there exists a unique (up to a scalar factor) (N3 x N?3)-dimensional matrix
R1,2,3, such that
Ri23x; =xRi23 Ri23z, =7/ Rj23 etc (24)
for (21).
The basis independent expression for R » 3 is not a useful object, and here we give the

matrix elements of R} » 3 in the basis (3) in terms of the Bazhanov—Baxter [2] cyclic functions
W, (x) which we shall mainly use in this paper. We define

Wp (n) _ y
W,(n—1) 1 —w'x
where n € Zy and p = (x, y) denotes a point on the Fermat curve
WV =1, (26)

For n > 0 we have

W,(0) = 1 (25)

n

W, =[] +— 27)

1 —w'x

v=1

and generally W,(n + N) = W, (n), because of ]—[ivzz)l(l — w'x) = yV. One automorphism
of the Fermat curve will be important for later calculations. Defining Op by

p=@. = Op=@ x0Ty (28)

we have
1

Y = S, e =
with

d(n) = (—1)"w" 2. (30)
At special points on the Fermat curve the W, (n) take simple values. Defining

g0 = (0, 1) doo = Oqo q1=(@',0) (€29)
we get

Wy, (n) =1 W, (n) = o '(n) 1/ Wy, = du0. (32)

We now express our conjugation matrix in terms of the functions W, (n):

Proposition 2. In the basis (3) the matrix R\ 2.3, solving the relations (21) and (24), has the
following matrix elements:

Judosds S Gr—iDj3 Wy, (2 — i)Wy, (j2 — j1)

L. . . . def
(i1, 02, i3|R1 23171, jou J3) = RI72 iotis, ot js OO — - - (33)
it B Wy, (o — i)W, (i2 — j1)
where the x-coordinates of the four Fermat-curve points are connected by
X1X2 = WX3X4. (34)
In the terms of the variables uj, w;, kj, j = 1,2, 3, these points are defined by
—1/2 / l
) u _ u _u 1 kou
X = 2 Xy, =w l/2162—,2 X3 =w =2 Xy =@ 1__,2 (35)
Kiouy uy u K1)
3 w 4 _ w 3 w) 4 L1 K3 U
VWi Y_ape®y oy Y apkals 36)

/
Y1 Uj Y1 wa 2 w3 2 K1 Wy
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where the u/j, w} and uj, w; are related by the functional transformation (15):

u/j = Ri{tz),3 ou; w} = Ri{tz),3 ow;. (37)

Proof. We shall give the proof, that (33) produces the rational mapping, for the first line of
(21) only, the other equations follow analogously.

First observe that the matrix elements of the operator R ;3 satisfy several recurrent
relations. In particular, we will need the recursion

_ i+l
Jiids  _ piniy Y1 1@ X

R N e
which can be rewritten in the form

S ) 1
J15J2:03  —j1 __
R0 = — R i
w27 Xy W'y X4

gy ¢ V4 pineis Y4 JisJosJs (38)
i1+l —1 i+l ipip+l,i3—1"
W2 X4V

However, this recurrent relation is the matrix element (i1i,i3] - | j1 j» j3) of the operator equality

1 X

/y—1 —1 1Y4 1 -1 Ya 1 -1

Rips-x))7 =|—x, +——X| 2, 23— X, Z, 723 | - Ry 3.
wXxy4 YiXq wX4y1

This coincides with the first line in (21), provided the identification (35) and (36) is valid for
the Fermat points (x1, y;) and (x4, y4). O

Remark 2. R is a matrix function of three continuous parameters xi, x, x3 and three discrete
. ; W W wy
parameters: the phases of yi, y», y3. Equivalently, one may use «; s k3 and o as the
continuous parameters and the phases of u/, u}, w] as the discrete parameters. Formulae (35)
and (36) establish the correspondence between these choices. We call the parametrization of

Ri,3interms of u;, w;, k; a ‘free parametrization’.

Remark 3. Formulated in terms of mappings, the automorphism R > 3 of the ultra-local Weyl
algebra at the root of unity is presented as the superposition of a pure functional mapping and
the finite-dimensional similarity transformation:

Ris30® = R1,2,3(R§{2),3 ° q’)Rf.;,y (39)

2. The modified tetrahedron equation

For three-dimensional integrable spin models the tetrahedron equation (TE) plays the role
which the Yang—Baxter equation has for two-dimensional integrable spin models. The TE
provides the commutativity of the so-called layer-to-layer transfer matrices. In our case,
where the dynamical variables form an affine Weyl algebra, we are able to define a more
general equation: the modified tetrahedron equation (MTE), which provides the commutativity
of more complicated transfer matrices, see e.g [3, 6]. In figure 2 we show a graphical
image of the mappings leading to the tetrahedron equation (41): the sequence of mappings
01— Q02 — 03 —> 04 — Qs gives the same Qs as 01 — Oz —> 07 = O —> Os.

Following equation (7) let us fix the following notation for the superposition of two
mappings A and B:

def

(A-B)od) = (Ao (Bod)). (40)

Due to the uniqueness of the mapping R discussed in section 1.2, we arrive at
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24

Ri,4,5 Ro2,4.6

(OF

Ra2.4,6 Ri,4,5

» %y 2%

Figure 2. Graphical image of the two equivalent ways of transforming the four-line-graph
(‘quadrilateral”) Q; into graph Qs, which leads to the tetrahedron equation. Observe that each
graph contains only two triangles which can be transformed by a mapping R. In graph Q; either
the line 124 can be moved downwards through the point 3 (leading to graph Q»), or the line 456 can
be moved upwards through point 3 (leading to Qg). Both the left-hand and right-hand sequences
of four transformations lead to the same graph Qs.

Proposition 3. The mapping R solves the tetrahedron equation:
Ri23 - Rias - Raae - Rase = Rase - Roae - Rias - Ri2s (41)

acting on the space of the 12 affine Weyl elements uy, Wi, Uy, W, ..., Ws, Ug, We.

Since, as has been discussed in section 1.3, any rational automorphism of the ultra-local
Weyl algebra implies a rational mapping in the space of Nth powers of the parameters of the
representation, it is a direct consequence of (41) that the Rff])k of (15) solve the tetrahedron
equation with the variables uz}v wllV j=1,...,8: .

R R R, R = R R R UL @
We want to get this functional tetrahedron equation not only for the Nth powers of the variables
but for the variables u ; and w; directly. However, when taking the Nth roots, not all phases of

the uj, w; can be chosen independently. In section 3.2 we shall show explicitly how to make
an independent choice of phases.
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Once an appropriate choice of phases has been made, we obtain the functional tetrahedron
equation on the variables u ;, w;. Now using (39) the functional tetrahedron equation can be
cancelled between the two sides of (41), and we are left with the modified tetrahedron equation
for the finite-dimensional R matrices:

Ri23- (Ri50Rias) - (RY1,RY) 5 0 Raue) - (RIDSRY) SR 6 o Riso)
~Rss6- (Rgfs)s o R2,4,6) ’ (Rgfs)ngfzt)s © Rl,4,5) : (Rgfs)sRéf4)6R§fis o R1,2,3)'
(43)

Observe that due to the cancellation of the functional tetrahedron equation there is no Rgf 5),6
on the left-hand side of (43) and no R§f2)3 on the right-hand side. Because of the uniqueness
of the mapping shown in lemma 1, the left- and right-hand sides of (43) may differ only by a
scalar factor, which arises when we pass from the equivalence of the mappings to the equality
of the matrices. So, in matrix element notation the MTE reads

Z (R(l))jlqua'jfs (R(2))quj4~,j5 (R(3))k2~,k4qj6 (R(4))k3~,k5qk6
Ji---Jo

i1,02,03 Jisiasis J2.Jasle J3:Js:J6

=0 Z(R(S))jsqjsqje(R(7))J'2~,j4qke(R(6))jl~,k4qk5 (R(S))k1,k2,k3 (44)

i3,is,i6 i2,i4, jo i1, jasJs J1:J2.J3
Ji--Jo

where RV correspondsto Ry 53, R® to R ,30R| 45, etc. Here p is the scalar factor. The
matrix elements of each RV as functions of the Fermat-curve parameters x”’, y*/’ are given
by proposition 3 with functional mappings applied as shown in (43). The N3th power of the

scalar factor in (44) is

y¢_ detR™ detR® detR™ detR™
~ detR® detR? detR©® det R®

(45)

and this can be obtained from the determinant of one single matrix R; » 3 just by substituting
the respective coordinates.

2.1. Calculation of the determinant of Ry 2.3

We use the representation (33) to find a closed expression for det R, » 3. The numerator term

. . .. . N? .
W, (j2 — j1) is diagonal, so it just contributes a factor (]_[n W, (n)) to the determinant. For
later convenience, we treat the other numerator factor W, (i, — i1) of (33) differently: using
the Fermat-curve automorphism (28) we write

1

W) = Cnam”

Wop, (i1 — i) is diagonal and its determinant is trivially calculated. We combine the factor
® (i — i1) with the two non-diagonal terms W),,, W), and write

N—1 N i
det(i1, is, i3|R| j1, jo, j3) = 1_[ M det 5iz+i3,jz+.i3w(.ll 1) )
io Wop () Dy —i)W,, (o —i) Wy, (i2 — j1)

We now calculate the determinant on the right-hand side of (46) from its finite Fourier transform
in the indices i; and j;. So we define and evaluate
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_— b=
i1, 12, i3|R] , ], =4 (O ; :
( 1512 3| 12’5']1 ]2 ]3) ir+i3, o+ j3 Ny Q;Z q)(lz—a)sz(jz—a)Wm(lz—b)
N
ir—jota' =b') j:
= Biytiz jo+j i Za)il(jz*a')*jl(l'z*b')*(lé*jz)a w® P
SRR L B (i — j2)P@) Wy, (@)W, ()
w12+ (3—i3)j3 w—ind w—B—ib
= _— . 47
BT (s — i) Z @ (a )W)y, (a") Z W, (b") @7
In the last line we have used the property
®(a+b) = P(a)P(b)o™ (48)

which, supplying a factor w>~/2¢ | decouples the a’- and b’-summations in the presence of
B8iy+i, jo+j;- The determinant of the first three factors of the last line of (47) will again be
calculated from its Fourier transform. So we define and evaluate

wl2c—id+(j3=i3) 3

i1, 12, 13| Plj1, 72, @' /'dé, @
( 1,62 3| I.]l .]2 ]3 NZ ; ir+i3, o+ J3 CI)(Z3)CI)(]3)
D(j3)
= Siyis, jotjs Oir,— 20 j1,—is D) (49)
so that
det(i1, iz, i3| Pl j1. jo. j3) = det || 8iyuiy jyejnSis—in8y—in || = (=DN VTV, (50)

Combining (46), (47), (49) and (50), our preliminary result is
det(iy, iz, i3|R1 2,31 /1, j2, J3)

NZ
_ w07y Ve o -
- << D Lo L1 <I>(a)Wp3(a)l:[;Wm(b)) -

We may simplify this formula by introducing the function V (x) on the Fermat curve

Vi) = H(l P (52)

Writing (V (w™"))? as a product of N2 factors of the form (I — ") times powers of w, we
compute

V((,()_l) — NN/2 eirr(N—l)(N—Z)/lZ. (53)

It is useful to note that

=V [T =e =0, (54)
b (a) ;
Writing out the factors of (x ¥V ~=D/2V (»~1x~1)) V(x) and extracting several powers of w,
we obtain
YNW=1) (V=D -2)/6

V(CL)71 71)

TNON-D/2 Vx) (55)

We can express the terms involving p; and p; using V (x):

T e = D
N(N—l)/2 Wop, yfV(N—l)/z
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In the ratio V(x)/V (wx) many terms cancel, leading to

v N
W () (56)
V(wx) 1 —wx
This can be used to compute the p4 term in (51). We define

nb

w
Foery) =

which, using Wy y) (b) = (1 — wx)y ' W,y (b + 1), is seen to satisfy

Foo N
Slery) _ yNIN=D2 <—y ) F, =1 Fp. =V F =0
Fii.y) 1 —wx
where ¢, ¢oo and ¢ are the three special Fermat points introduced in (31). This is solved by
V(o™

F(x,y) — (wx)N(Nfl)/Z

V)
Finally, we consider the p3 term: Defining

a)n(l
Gp=(x.y) = l:[ Xa: W

which satisfies

Goxy _ y "
G(x,y) 1 —wx ’

Using G,, = 1,G,, =0,G, = V(o™!), wegetG, = V(o™ )/ V(x).
Inserting these results into (51), our final expression for detR; 5 3 is

detR B NN3 (i)N(Nl)/2 M N2 (57)
B y1y2 V)Vxg) )

The relation x;x, = wx3x4 has not yet been used and is still to be imposed here. For N = 2
equation (57) gives

Xy (1—x)(1 — x2)>4 3 (4 yiy2 (1+x3)(1 + x4)>“
vy (1 —x)(1—x) — O +x)(+x)

in agreement with (77). Observe that, despite the quite similar appearance of W, and W, in
(33), different phases make (57) unsymmetrical between x3 and x4, compare (77).

detR =28 (

3. Parametrization of the Fermat points

Now the most important step follows: the parametrization of the Fermat points for each of the
eight R matrices. Recall that xij ) is determined by the other three xl-(j  due to (34).

Writing repeatedly the parametrizations (35) and (36) for the eight R matrices, then
applying repeatedly the functional mappings as written in (43), we get for the arguments
appearing in (44):

0 ()
RO =, RO Z, x(/)_iq3 RO
1 _\/—“.I 2 _\/—“.I 30— VA 4 = ()
w w w wX
. (58)
) o _ 1 ) o _
yir = Th Yo = ﬁTJ‘Z Y =T)3 where y;" = O
k
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where (not writing & 4):
ugl) Kzugz) u;z) Klwil) K3w§l) wf)
Kluil) u§2) 51) ugz) w;l) w;l)
uil) K4uf) uf) /qw?) szgl) wf)
KIMEZ) ”55) 52) uf) wil) wgl)
uf) K4u£5) ufts) /cgwf) K6wél) wf)
/cgu;z) u;S) ;2) ugt) wf) wél)
ug) K5ug5) u§5) K3 wgz) K6wé4) w§5)
S e PN
Ejx = ug) Kzu;s) ués) T = K1w§6) K3w§8) wgs) . (59)
K1M§6) ”55) 56) ugS) wg) w§8)
uf) /c4ufts) ufts) K1 wﬁl) Ks wgg) wf)
Kl(l)ugl) u§6) 51) ugS) wf) w§8)
o W) ol kew®  wd
Kzugl) u§7) u;l) uéS) wil) wéS)
W eu® WP el kgl w®
K3ugl) u§8) gl) uéS) wgl) wél)
Here for any f it is implied that
FO=RD 0 fO O RO R oY O = RRYRY o O
(60)
and
£ = R RULRY R0 £O. o1

For the right-hand side of (44) we define for any f

8 N 1 7 N f) 1 6 N f) N 1
f®= R3s560 o 0= R356R546° o f@= R3ys6Ro46R14s° 1.

(62)
Due to the validity of the functional tetrahedron equation the four times transformed function
O =R RY) RV R s o fO coincides with (61).
Observe that, e.g.

u§3) @ _ MES) u§2) (3) u§4) (5) ugZ) 3 _ @

=up = =U = Uy =Uz’ = U
u =l =l =ud =u W = ud =ud (63)
u® = u® ul = 1@ = u®.
The MTE:s leave the following four ‘centres’ invariant, i.e. for j = 1,..., 8 we have
o N
N O
6 1

For example, ¢ = €, because variables with indices 4, 5, 6 are not transformed by Rg‘,fz)j,
then ¢} = &, since ugus is the centre of REQ.S and 6 does not appear in Rifj 5. Usug is the

centre of R;f 5).6, etc.
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)

i

Figure 3. Parametrization of the arguments u

: ) i , w,('/ ) of the rational mapping 721(’ j),k in terms of
line-section ratios.

Equations (58) and (59) provide a ‘free parametrization of the MTE’ which generalizes
the free parametrization of the single R, 3 introduced in remark 2. It corresponds to the
following scenario: we start with 24 arbitrary complex numbers uﬁl),
and apply repeatedly the functional mappings R/, choosing appropriately the phases of u

w_(il),/cj,j =1,...,8,
*)
i
w(ik). So we obtain a parametrization of the eight R matrices obeying the MTE.

* The natural question arises: how many independent parameters has the MTE as a matrix
identity? As we see already from the existence of the centres (64), some of the 24 parameters
will occur only in certain combinations.

In order to determine the independent variables in a systematic way, in the next subsection
we shall use a simple constructive procedure: we express the u; and w; in terms of line section
ratios, the parametrization being designed so as to automatically conserve the centres of the
mapping. This is in the same spirit as the introdution of r-functions in the theory of solitons.
We shall find that as a matrix identity the MTE may be parametrized by eight independent
continuous parameters and eight discrete phases common for the left- and right-hand sides
of MTE, and besides, each of the left- and right-hand sides contains four extra independent
discrete parameters. In particular, the couplings «; can all be absorbed by a rescaling.

Note that one great advantage of the MTEs, which is not shared by Yang—Baxter equations,
is that many different parametrizations can be found and can be chosen according to the
particular calculations and applications one likes to do.

3.1. Parametrization in terms of line section ratios

We now parametrize the ulfj ), w,-(j " in terms of ratios of parameters which can be read off from
the four line graphs (‘quadrilaterals’) shown in figure 2. Figure 3 gives an enlarged detail of
figure 2 with labels attached, which are explained in the following.

In the quadrilateral Q; there are four directed lines A, B, C, D. The six vertex points
cut the lines into four sections each. We denote the sections of line A by ay, ay, ..., as (the
indices increasing in the direction of the line). Analogously, we label the sections of lines

B, C, D by by, ...,ds. This way for each quadrilateral Q; we have defined 16 variables.
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Now, with each vertex i of each quadrilateral Q ; we associate a pair of variables u(’ ) wi(j )

(which determine the Fermat points in (58)), and we require these to be given in terms of the
aop, ai, ..., dz, ds of the respective quadrilateral as follows.

For a u(] | take Q ; and look from point i in the direction of the arrows and select the

) is the ratio of the variable attached to the section

)

right-pointing of the two lines. Now u;

before to the variable after the vertex. For the w;” take the left-pointing line, and divide the

variable after the vertex by the variable before the vertex. So, in the expressions for the u(’ )

the index of the numerator is one smaller than that for the denominator, the inverse is true for
the w(’ )

Passm g from one quadrilateral to the next one, corresponding to a mapping R ,always three
of the ‘internal’ lines are changed, and for distinction, we attach to these changed variables
primes and daggers. The eight ‘external’ variables ay, as, . . ., dy, d3 are never changed by our
mappings. Of the eight ‘internal’ variables (these have the indices 1 and 2) five are unchanged
in each mapping. To collect these definitions, we define

I, ) ) (/) o, () (G)INE)]
Uj_[l,uz,...,u Ug ', W' Wy, W, We ] (65)

Then from figures 2 and 3 we read off, applying successively the anticlockwise mappings:

I ¢ by by ay ay ay d3 dy ¢ di c1 b
1 = | — 7 7= = Ty Ty Ty Ty Ty Ty, Ty T
c3 b3’ by az ay ay dy dy ey dy e bo
U _Cl b] b’z a) dap Ao d, dg C3 dl C1 b]
D I | Ty T Ty Ty Ty Ty Ty Ty Ty T Ty T
b/’b3 (l3 (lz aq d1 dé’ d() Co bo
r / /" /
Us — Co b] bz aq az a d d; C3 d 02 b] 66
3 = T’y’b_3a_a_3a_1d_oz’_?’7’b_o ( )
2 2
r / " " " / /
Up= | b0 by a0 gy ar di dy s ds oo by
//’ bm’ b’; m’ a3 ’ //’ dO di,’ 7 dé//’ /n° b///
r " " T 7" " T
Us — C_o@b_l@a_la_zd_ld_zc_zéc_sﬁ
B //’ bm’ bT’ ///’ a;" a3’ dO’ di/’ " d///’ T’ sz

We write aZT instead of ¢ and d instead of dIW, etc. Transforming clockwise in figure 2,
we get

oo |2 02 b0 @2 gl & drci b
e’ by’ bl ay gl @ dy di e’ do” ¢l bl
v |2 b hoaa g ddl o doab
e bl bl all al as T dy do o’ aft el bl
etc. Transforming clockwise twice more, we arrive at an alternative expression for Us, which

for distinction we call Us:

U§= _1_1_11_ T _7_7_12_ ;1;1_ . (67)
s o by Bl Gl ; a; do' di e Al T Bl
We see that this particular parametrization in terms of ratios automatically incorporates the
invariance of the centres of the mappings. For example, for R (in our notation (65) u}z) is
the u/j of (17)):

2,2 (1) (1) 2 2) (n 2 (2) (D (
Uy Uz =u u U /w3 =u /w wy =w; W,
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Also more complicated conditions are fulfilled automatically, e.g.
@ M, (D _ (1) (2) (3)
Uy w3 Ws =y Wy Ws .
Observe that because in the mapping from Q; to Q, the line A keeps the same

intersection points, there is no alf in the formulae for the U;, similarly, there are no

b, dl le, lﬂ, bHT al. So, altogether, there are 24 primed or daggered variables appearing.

However, some commde as we will see. From (13) and (14) we easily obtain the following
relations, which allow their Nth powers to be expressed recursively in terms of the Nth powers
of the unprimed variables:

BNeNdY =bYeYdY + b)Y dyY + i by e dY
koY NdY = keNpY N al +/<3 oYl al +ieNie bl Y al
YN aN =bYeNdY +bYeNdY + il bY e dl
aNeNal =alcNdl +aNdN + i all N sy
kad NdY = wlNaY e dY + il achdo +x il al e dy)
aYeVdN =alcldN +alc)dY +ilalcYd)
a/Nod = al' b dN + dY al' by + k) dY b afN
NaNb///Nd =) bN //Nd +K6 al b d//N+K2 K angNdNN

aVb¥dyN = bl dYal +al' bl dN + kYalbYd)N

N
ag BN = BN YNy e al eV
N TN /N N "N 1IN /N 1IN
k¥ ayN bl —/cga;b N+ kY aiN N + i ikl ad N ¢
//Nb/N 2T — C3 //Nb///N ///Nb///ch + 1) ai//Nb/N /N
N N _ N,
al b e =albel +albl el +«Yalb) (68)
N N, N_NpN_N
k¥al’b) e =i ad byl +ilalbd +K3K6a2b
NN N _ N
al'bYe] =alblcy +al’b) el +klalblc
NN ttN NN N iV N N N NN N
aybyd," =ay b, dy +a; by d +kga, byd,

N
a oY ay = pVala¥ +bYalal + kY al by a¥
N
Y évby dY =«yaj bT ay +Ic6 VoY adY + ik} al by dl)
N
aIﬁ cNd2 =a)cld) +claY al kNdYa TT cy
N
Ky al W dy = Kl a?c{ ay +/c5Nc§VaI dlTT + INKSNaET dlTT
N N N
T NdTTT =ay c{ +a6VcI ay +/<5Naé\]cévdlTT
N N N N N &N N
thT dTT _bN TTT dIrT +bll‘ C;TT d;“ +K1be CJ{ d;“ﬂ‘
N N 44N N 4N
b N alt™ = el al™ vl b T e al bl el

bV atN = cgb{ Vit N eNait™ 4 NpNaN el
Using these relations one verifies by straightforward substitution in (66) and (67) that

Us = Us (69)
i.e. that the functional tetrahedron equations are satisfied. Equation (69) tells us that there are
eight direct relations between the primed and daggered variables, e.g. ¢/ = ¢}, etc so that in
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fact due to the functional tetrahedron equations the last eight equations of (68) are superfluous.
This will be important for the discussion of the freedom of phase choices when taking Nth
roots.

Written in terms of our parameters a;, b;, etc the arguments of the RW ( j=1,...,98),
see (58), are

o))
; 1 ; 1 ; 1 ; x,'x
) ) ) () 1 2
X" = —X X, = —=X X = —Xi3 X, = -
1 «/5 J 2 \/5 J 3 w J 4 a)x3(j)
! (70)
) _ y ) _ () _
=i =—Vp =DV
Y31 J Va1 Jo J Y32 J
where (again we do not write out xij ))
b26‘3 Kgblc/z b1C3 K1d3b3 K302d1 d3Cl
Kk1b3co bjc bcr db), c1dy dses
axc, Kaayc’ aich k1dyas kscidy  djeo
K1a3cy ajco ajc dia)) cody dic
alb/2 K4a0b/l// aob/z K2d3ag Kgbldf dzbg
iayby boal”  ai’by dba)’ bod,  dy'b
aé’b3 Ksai”sz a]”b3 K3Cc3das K6béC,1, C3b/1”
k3bsas  bl'al  alb) chal b'cy b,
Xie =] blc)"  kaboct  bock!! ik =Vadd'py  wseldy  dieo | 71)
KlbycI b'co b’ch d;”Lb’1 codIT d{c{
aIC3 K4a0C£H apcs 161613(1;L K5C2dIT d3C]1L
/claycz c{aw aITTCz dza;”LT c];dz dzwcz
a2b3 IC4LZIZ?£Jr aIb3 K2d2a3 K6b2d0 dzb]lL
asby  al'pl allh, dial bld,  d|'b
a\b; Ksaobl{ apbs K3C20a2 kebico  c2bo
T T
K3asby boaI aIbl ciay bocy cibi
AN AN
To check the validity of all the Fermat relations xl.(’ L yl.(J = requires using the

transformation equations (68). The relations (68) involve the Nth powers of the variables, so
to use them to get the Fermat coordinates, we have to take Nth roots, which entails discrete
phase choices. The centres (64) are just ratios of the external variables:

a b c3 d3
¢ == ¢ = G== ¢, == (72)
as b3 Co do
The external variables ay, as, ..., dy, d3 are irrelevant and serve mainly to express all
quantities in terms of ratios. We may choose them simply all to be unity. The ‘coupling
constants’ «; may all be eliminated by rescaling the eight relevant variables a;, as, . .., dy, d»
as follows:
Kiky KiKe K| — K1Ke —
a) = —da; a2=—6a2 b1=—b1 b2=—6b
K5 K3 K3Ks5 K2K3
KikKe Ko __ Ki1K6 — K5K6 — (73)
Cl = —(C1 C) = —0C d1=—d1 dz:—dz.

K3Ks K2K3 K3 K2
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This entails a corresponding rescaling of the primed and daggered variables, e.g.

Ki1K2 - K1 — Ki1K2 — K1K2K3 —
/ / ;o T / / " o__ S
b, = — b ¢ =—20 dy=——d, a, =
K5Ke Ks Ks K5Ke
K3 — K2K3 — K2K3 —5 K2K3 —5
"o B 17 " o__ S g " o__ S " o__ "
¢l = —— ] di = —d al' = —a] b'=—+=b
K4Keg Ke Ke K4Keg (74)
K3Ks — K3Ks5 K3 - K3Ks —
"o __ " T __ T T __ T T __ T
dy = —d; a, = —-a, by = ——0, ¢ = ——
K1 K1 K1K4 Ki1K4
i fske ¥ P K6y T KsKe i
a, = a; by =—b, = ¢
K2 K2 K1Kk2
So we can simplify equations (68) and (71) by taking ap = a3 = by = --- = d3 = 1 and
K1 = ky = -+ = k¢ = | and replacing the relevant variables by their overlined counterparts.

3.2. The choice of discrete phases

As we have already mentioned, apart from the eight continuous parameters just discussed, the
left-hand and right-hand sides of the MTE depend on phase choices arising from taking Nth
roots. We investigate how many independent choices can be made and whether these affect
the MTEs.

From (69) and (66), (67) we see that the left-hand side (LHS) and right-hand side (RHS)
of the MTE have eight arbitrary common phases of

o =al Wb d=df 4y =dif
af' =dltBy=b,  =d  df=dL.

These phases correspond to the phases of u(ls) etc. Furthermore, the LHS of the MTE contains
four internal phases of

¢y, by, dy, a;
while the RHS contains four internal phases of
aI, cJ{, b];, dfT.
In which way does the LHS depend on its internal phases? Consider, e.g., the shift

/ -1
Cry=>q Cp.

According to (71) this shift changes the following Fermat coordinates:
xél) g 1x£1) xil) - g lxil)

2 —1.2 2) -1..(2) 4
E)l—>q xf) x3( = q x3( y l—)qy{).

Now note that for g = w
Y n
W(q x,y) (n) = —W(x y) (n—1 W(x,qy) (n) = q W(x,y) (n).

Therefore, our shift produces

y(l) 1— (1)

(i1, 12,33 RV jus jos J3) = Wﬁm, i2, i3 RV ji+ 1, o, j3) g ™"
Y4

@q_ (2)

Y1
(2) - (2) (i + 1. ia is|RP k1, ja, js) q”

(].17 is, iSIR(Z)Iklv j47 ]5>

(3, Js, Jo| R |k, ks, k) > (J“ JS<]3, Js jo| R¥ ks, ks, ke).
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We see that the change considered produces a simple scalar factor and does not change the
matrix structure of the LHS of the MTE:

(D (2 (2)
N T=xg T =g /
LHS(q CZ) = W D) ﬁ D) LHS(Cz)
vi 1—x," y37 1 —x

In this way we may convince ourselves:

e A change of the phases of any of the eight internal variables produces only extra scalar
factors for the LHS or RHS of the MTE, while the external matrix structure does not
change.

e A change of the phases for any of the eight external variables produces extra scalar factors
both for the LHS and RHS of the MTE, and besides it produces a change of the external
matrix structure: a shift of the indices iy, ..., ks and some multipliers g¥", ..., g%,

However, this change is the same for the LHS and RHS of the MTE.

4. Explicit form of the MTE for N =2

For N = 2, using combined indices i = 1 +i +2iy +4i3; k = 1 + ky + 2k, + 4k3, we can give

(R)fll,'fzz,;? explicitly in a simple matrix form. We define

1_
Y, = % = h for k=1,2,3.4
1+xk 1+xk

v (75)
Zix = — for ik =13,14,23,24 Zip =YY Zy =
k Y or 1 12 112 34 YaYs
and get
1 N 0 0 0 0 7 —7Z34
Zi3 Z13Z24 0 0 0 0 —Zi»  Zu
0 0 Z13Zo Ziz Zis  —Zip 0 0
0 0 224 1 —Z34 223 0 0
R = :
! 0 0 Zo3 Z3y 1 —Zo4 0 0 (76)
0 0 Zin Zu —Zi3 Zi3zZu 0 0
VAVERVAY) 0 0 0 0 2132 —Zi3
Z34 753 0 0 0 0 —Zny L ).
The determinant can be calculated directly:
4
Y7+1)(v7 -1
detR = (111> w : (77
e h
For N = 2 we can also write the MTE quite explicitly. We shall write equation (44) as
ki ko ks ks ks ke _ 6lflv'k2~,'k3jk4'~,k§qke (78)

11,12,13,14,15,16 11,12,13,l4,15,1l¢

where in obvious correspondence ® and © are defined to be the left- and right-hand sums of
the products of four R matrices. We use (75) and abbreviate Yi(’ ) by Y;;, where i labels the four
points on the Fermat curve x1, x2, x3, x4 = x1x2/(wx3), and j = 1, ..., 8 denote the eight
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arguments of the R/, The left-hand side of (78) is, using (33):

i2+i| k4+k2 k5+k3
]'(1,'](2,'](3',](4',](5,](6 — (_1)/{3/{5 Yll Y23 Y24

i1,02,13,i4,15,i6 Yi4+k|

42
S E 8i2+i3,.iz+j38i4+i5,.i4+j5 8j4+i6uk4+.f6 5.i5+.i6xk5+k6
JisJ2:J3,JasJss Je

1V Us—Jis) e (ka—j2)— j3(i1+ke)+hky js y J2t it yiatii y Jatki vy jatiz vy Js+is
( 1) Y21 Y12 Y22 Y13 Y14

Jativy ot iy jat iy ykat oy jatka ks sy s ks
Y3 1 Y4 1 Y32 Y33 Y43 Y34 Y44

where all exponents are understood modulo 2, i.e. being just O or 1. We can use three of the
6 to eliminate the sums over, e.g., ja, j4, jo. Then the last § gives a compatibility condition
with the result that if iy + i5 + ig + k4 + k5 + k¢ is 0dd, the component of ® vanishes and these
components of the MTE are trivial. These are half of the 2!2 components. We also see that, if
these occur at all, Y1, Y23, Yo4 and Yy, will factorize (Y7 appears if i1 + i3 is odd, etc). Each
nonzero component has a sum over eight terms on each side. The result is

i+ v katko v ks+ks
@klykzsk,w,kzx,ks,ks =35 Yl Y23 Y24

S _1yr 1
i1,12,13,i4,15,16 ’4+’5+’6’k4+l‘5+k6( 1)) Yi4+k1

42
_ \By i ylatiiyatki v sty jat ot
( 1) Y21 Y12 Y22 Y13 Y14

ity y ety kat o vy Jatka v kstiotist o yyiatistjatks
PIRTRLTIER £THR €75 £E M0 Felin £V Yy

(79)

where t = ir + i3 +i4 +i5 and
B = jija+ jaja+ jaji+ jit+ jo(iy +ie + ka + ke) + ja(ky + k2)
Y = ki(ia +is) + ko (i + ka) + (i2 + i3) (i1 + ke) + k3ke.

The analogous expression for the right-hand side is

ko+ky yyis+iz v ia+i
— ki,ka,k3,ka,ks ke YS2 1Y18 Y147 ’

— 8 .. _1\7 22
i1,i2,03.14,5,06 —814+15+:5,k4+k5+k5( 1) Yk4+i'

36
_ \By sty vy Jitka s jat oy Jat ot
X 2 ( 1) Y16 Y15 Y26 Y27 Y28
Jatiztkatks yis+jothkatks v 0+ ja v it oy Ji+a vy itk kit
JisJ2sJa Y38 Y48 Y37 Y47 Y46 Y35 Y45

(80)

withT = ko + k3 + k4 + k5, and
B = jilks +ks) + jo(ja+ia) + jako + K3 + i)
7 = i1k5 + i2k6 + k1k3 + (i4 + k6)(k2 + k3 + i3)
and again all exponents are understood mod 2.

We give two examples of non-trivial components of the MTEs: first we consider the
component

0,0,0,0,0,0 —=0,0,0,0,0,0
©

0,0,0,0,0,0 = £®0,0,0,0,0,0 -
This is, written more explicitly, using the abbreviations of (75) adding the index j:
Zi; =Y Y forik =13,14,23,24, Zps ; = YV, Z3a ; =1/ (v v )
L+ Zos 12130+ (Za3) — Z341Z132) 21332134+ (L3 — Z1222024,1) 21432144
— (22312232 + Z3412122) 2343234 4
= p{l+ ZueZ135+ (Z1as5+ Z24.6234,5) 22482047
+(Z1a6+ Z1262135) 22382237 — (Z14,6Z145 + Z12,6Z34,5) Z3a 82347} (81)
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Another component:

0,0,1,1,0,0 _ —0,0,1,1,0,0
©00101.0 =P 001010

reads analogously
I+ Z21Z132) 20332034 — (L3 — Z1322341) 21232 12,4
+(Z52—2212122)2133204321342044+ (22312032 + 2341 2122) 2243224 4
= p{Zn6 — Z3a.62135+ (22362145 — Z34.6234,5) L2438 2247
+(Zoas — Z135) 213622382237 + (23452136 — Z13.6224.6214,5) Z34,7 234 8}
(82)

Each equation appears eight times for different components. In order to write the symmetries
compactly, we introduce the following three mappings a, b, ¢ of the upper or lower indices:

a(il, 7, i3, i4, i5, iﬁ) = (i] +1,ir+1, i3, s + 1, i5, i6)

b(il, iz, i3, i4, i5, i6) = (il, iz, i3 + 1, i4, i5 + 1, ig)

c(iy, 12, 13, 14, 15, 16) = (i1, 12, I3, I4, I5, 16 + 1)
and

ab(iy, in, i3, 14, i5,1g) = a(b(iy, i, i3, i4, i5,15)) €tC (83)
the same also for the k; instead of the i;. Of course, the indices are always taken mod 2.

Altogether, for N = 2 there are 28 different nontrivial components, an independent set is (the
same for the ©®)

ky,ks,k3,0,0,0 ky,ky,k3,1,1,0 ky,ka,k3,1,0,1 ky,ka,k3,0,1,1
i1,i2,13,0,0,0 ®i|,i2,i3,0,0,0 ’ 951,52,53,0,0,0 ’ ®i|,i2,i3,0,0,0
for il,iz,i3,k1,k2,k3 =0,1. (84)

Proposition 4. For N = 2 the components of the left-hand side of the modified tetrahedron
equation satisfy the following symmetry relations:

ki.ka k3 ky,ks,ke __ ya(kika,ks ka.ks,ke) __ (_1)i|+k| ®b(k1,k2,k3,k4,k5,k6)
i1,i2,i3,0,0,0 — “al(iy,iz,i3,0,0,0) - b(iy,i2,i3,0,0,0)

_ (_1\i1tk @ab(ki ko ks ke ks ke) o qNiatis+katks ¢ (kiska ks ka ks ke)
=(=D ®ab(i1,iz,i3,0,0,0) =D ®C(i1,i2,i3,0,0,0)

_ (_1)i2+i3+k2+k3 @aC(qukz,kLkLks,k&) _ (_1)i1+i2+i3+k1+k2+k3 be(ky ko, k3, ka ks, ke)
= ac(iy,ir,i3,0,0,0) - be(iy,iz,i3,0,0,0)

1\ttt hatks gabe(ky ko ks kg ks k)
_( 1) eabC(il,iz,i3,0,0,0) (85)

where iy, 12,13, ki, ky, ..., ks, ke = 0, 1. Here the mappings a, b, ¢ are defined as i£(83).
The same equations are valid for the right-hand components, i.e. for © replaced by ®. For
k4 + ks + ke odd, these equations are trivial.

Proof. Use the explicit formulae (79) and (80). For the relations involving the mapping a we
shift the summation indices jj, j», ja. Then all exponents of the Y-factors are unchanged. No
phase appears, since the shift in y () is compensated by the shift in 8 (8). For the relations
involving the mappings b and/or ¢, also all exponents of the Y are unchanged. The phase

factors appear from the shifts in y or y. O
The terms
1 +x
N ) k o
Zikj = Yii —% ik =13,14,23,24
' 1+x;’
. . .2 . .
Sy (- _ () (1)
12,j = 34,)

(1+x7)(1+x77) )
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which appearin (81) and (82) have the following explicit form, taking all boundary coefficients
and all «; to be unity, compare (73) and (74):

21, = Loz Zbody Zia, = 22— c)d

o Cc) — 1b2 ’ (b2 + 162)611
Zyg = &2 — by .bl)dé Zoy = b2y —end; — ey

’ Clblz — lblc/z ’ (b]C’z + lb/zcl)dl (86)
B O 1 G

’ brlua;T _ ia;ﬂ“fb;f ? (aiﬂufb;f + ia;Tb/lH)C,I,

etc. Discrete sign choices of square roots come in when expressing the transformed variables,
e.g., b5, al’, etc in terms of the original eight variables ay, a, . .., d» via (68). For example,

from the first lines of (68):
, 1 , 1
by = iE,/bfdg 2+ = i@\/cfdzz + (B2 + )2

1 1
&)= :I:@\/ (b3 + B2d2)c? + D23 al = im\/ (a3d? + a2d2)c? + 2.
All primed or daggered variables are square roots of rational expressions.

From (77) the factor p is

H?:1lei (1 + Z34,i(Zl3,izl_41,i - Zl4,iZl_31,i) - Z§4,i)
H?‘:szllj (1+Z34,; (213,.1‘21_41,/' - Zl4,jZl_31,j) - Z§4,j)

Using the components like (82) and inserting there (87) and (86), (68) we get the MTE in
terms of our eight parameters ay, . . ., d» and 16 choices of the signs of
by ¢y dy; ay; s dys by dys aI; b{; CJ{; ay; by; dIT; aIﬁ; c;ﬁ. (88)
We have confirmed the N = 2-MTE numerically for all 256 different components, choosing
random complex numbers for the eight continuous variables and random signs for the 16
square roots in the variables (88).
We conclude by mentioning that for N = 3 we find that of the 3'?> components of the
MTE for (RV)/"” given in (33), 2 x 3'" components are just 0 = 0, while 3'! (not all

V02,03

distinct) equations have non-trivial left- and right-hand sides.

p = (87)

5. Conclusions

In this paper, we study the modified tetrahedron equation (44) in which the Boltzmann
weights Rij] 'ljflf depend on Fermat-curve variables via cyclic weight functions, see (33). The
conjugation by the R matrix is a rational automorphism of the ultra-local Weyl algebra at the
Nthroot of unity. The representation of this automorphism as a functional mapping in the space
of the parameters of the ultra-local Weyl algebra allows us to obtain the free parametrization of
the MTE. By ‘free parametrization’ we mean that we leave free that solution of the functional
tetrahedron equation (42) with which boundary conditions will be chosen. We express the
Fermat-curve variables (and so the Boltzmann weights) in terms of an independent set of eight
continuous parameters and specify the 16 phases which can be chosen independently. We
derive a general expression for the scalar factor of the MTE. For the simplest non-trivial case
N = 2 the MTE is written out explicitly. In this case it contains 256 linearly independent
components.
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The MTE allows us to obtain a wide class of new integrable models. The R matrices may
be combined into cubic blocks obeying globally the usual TE due to the validity of the local
MTEs. The advantage of the free parametrization presented here is that it allows us to get the
appropriate parametrization for blocks of any size. This is the subject of a forthcoming paper.

New integrable two-dimensional lattice models with parameters living on higher Riemann
surfaces can be obtained from the MTE by a contraction process which has been described
in [15].

A further important application of the MTE concerns the following: as usual the TE
leads to the commutativity of the layer-to-layer transfer matrices, while the MTE can be used
to obtain exchange relations for the layer-to-layer transfer matrices. The exchange relations
are related to isospectrality deformations and form the basis for a functional Bethe ansatz for
three-dimensional integrable spin models, see [18].

Note finally, that starting from the results of this paper, we can consider several limits
of the parametrization, which are connected to various degenerations of the weights. The
usual tetrahedron equation of [4] follows from the MTE in the special regime when the free
parameters u;, w;, j = 1, ..., 6 belong to the submanifold of C'? defined by

ul — Rf’;)k cul =w) — R(Qﬁ),k ~w) =0. (89)

This variety may be parametrized in terms of spherical geometry data. For example, R 53
may be associated with the spherical triangle with the dihedral angles 6, 65, 63 and

o o
k¥ = tan? 31 k) = cot? 32 ) = tan’ 33 (90)
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